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We study two- and three-body lepton flavor violating (LFV) decays involving leptons and neu-
tral vector bosons V = ρ0, ω, φ, J/ψ,Υ, Z0, as well as pseudoscalar P = pi0, η, η′, ηc and scalar
S = f0(500), f0(980), a0(980), χc0(1P ) mesons, without referring to a specific mechanism of LFV
realization. In particular, we relate the rates of the three-body LFV decays τ(µ)→ 3`, where ` = µ
or e, to the two-body LFV decays (V, P )→ τµ(τe, µe), where V and P play the role of intermediate
resonances in the decay process τ(µ)→ 3`. From the experimental upper bounds for the branching
ratios of τ(µ) → 3` decays, we derive upper limits for the branching ratios of (V, P ) → τµ(τe, µe).
We compare our results to the available experimental data and known theoretical upper limits from
previous studies of LFV processes and find that some of our limits are several orders of magnitude
more stringent. Using the idea of quark-hadron duality, we extract limits on various quark-lepton
dimension-six LFV operators from data on lepton decays. Some of these limits are either new or
stronger than those existing in the literature.
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I. INTRODUCTION
Search for lepton flavor violation (LFV) is an important probe of the possible physics beyond the Standard Model
(SM). At present LFV is an established fact, since it has been already observed in neutrino oscillations, and therefore
it is natural to expect that LFV is also going to manifest itself in the sector of charged leptons.
A search strategy for LFV should consider those processes which have the best prospect for discovery, both from
the viewpoint of of their possible experimental identification and from theoretical limitations on the corresponding
rates. The latter should incorporate the study of model independent relations between different processes, some of
which are already strongly limited by experimental data.
The three-body purely leptonic decays of µ and τ are among the most stringently constrained LFV processes, with
the following current limits on their branching ratios [1]
Br(µ− → e−e+e−) < 1.0× 10−12 , (1)
Br(τ− → e−e+e−) < 2.7× 10−8 , (2)
Br(τ− → µ−e+e−) < 1.8× 10−8 , (3)
Br(µ− → e−γγ) < 7.2× 10−11 . (4)
FIG. 1: Three-body LFV decays: (a) τ(µ)→ 3` and (b) τ(µ)→ ` γγ.
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2The purpose of the present paper is to relate the three-body lepton and lepton-photon decays of µ and τ (see Fig. 1)
to the two-body LFV decays of neutral vector bosons and pseudoscalar mesons, and to give upper limits for these
two-body branching ratios in a model independent way. We also study the LFV dimension-six quark-lepton effective
operators underlying these processes and derive limits on their scales from the limits (1)-(3).
There already exist in the literature similar studies of limits on the two-body LFV decays of vector mesons/bosons
V = ρ0, ω, φ, J/ψ,Υ, Z0 → µ±e∓, which use the constraint given in (1) and unitarity-inspired arguments [2].
The idea of using effective quark-lepton and hadron-lepton Lagrangians for studying LFV processes (lepton-flavor
changing decays, lepton-flavor conversion, double beta decay) have been proposed and developed in Refs. [3]-[9] and
further used in a series of papers (see, e.g., Refs. [10]-[22]). In particular, in Refs. [7], the on-mass-shell matching
condition between the quark-level effective Lagrangian and the effective hadronic-level (e.g., nucleon) Lagrangian was
proposed, which sets the relations between the couplings at the quark level to those at the hadronic level. In a series
of papers [10]-[14], µ− − e− conversion in nuclei was studied in the framework of an effective Lagrangian approach,
without referring to any specific realization of the physics beyond the SM responsible for LFV. Limits on various LFV
couplings of vector and scalar mesons to the µ−e current were derived from the existing experimental data on µ−−e−
conversion in nuclei. Here, we extend the application of these techniques, in order to extract limits on two-body LFV
decays of vector and pseudoscalar mesons by searching for LFV three-lepton decays of tau leptons and muons.
The paper is organized as follows. In Sec. II, we introduce the relevant effective quark-lepton and meson-lepton LFV
operators, without referring to specific mechanisms of LFV. In Sec. III, we derive the relations between three-body
lepton LFV decays and two-body LFV meson decays, which is done by taking into account the contribution of neutral
vector and pseudoscalar mesons in the three-body lepton LFV process. With these relations, we set the limits on the
two-body LFV meson decays. In Sec. IV, we derive the relations between branching ratios of two-body LFV decays of
the same quark content and examine the limits on the effective quark-lepton operators from purely leptonic processes.
Section V contains our summary and conclusions.
II. EFFECTIVE QUARK-LEPTON AND MESON-LEPTON LFV OPERATORS
Let us assume generic LFV sources, leading to τ → µ(e)ee and µ→ 3e decays, in the form of effective operators as
the low-energy limit of a renormalizable “fundamental” LFV theory at a scale Λ. The leading-order operators have
been proposed in Refs. [3]-[9]. The set of these operators can be written as
4-lepton: L4` = 1
Λ2
∑
(IJ)
CΓIΓJ`1`2 [
¯`
1ΓI`2 ] · [ e¯ΓJe ] + H.c. (5)
Magnetic: LM = 1
Λ
(
C¯T`1`2 [
¯`
1σµν`2 ] + C¯
T5
`1`2 [
¯`
1σµνγ5`2 ]
)
Fµν + H.c. , (6)
Quark-Lepton: L`q = 1
Λ2
∑
(IJ)
CΓIΓJif,`1`2 [
¯`
1ΓI`2 ] · [ q¯fΓJqi ] + H.c.
=
1
Λ2
(
CSSif,`1`2 [
¯`
1`2] · [q¯fqi] + CPSif,`1`2 [¯`1γ5`2] · [q¯fqi] + CSPif,`1`2 [ ¯`1`2 ] · [ q¯fγ5qi ]
+ CPPif,`1`2 [
¯`
1γ
5`2 ] · [ q¯fγ5qi ] + CV Vif,`1`2 [ ¯`1γµ`2 ] · [ q¯fγµqi ] + CAVif,`1`2 [ ¯`1γµγ5`2 ] · [ q¯fγµqi ]
+ CV Aif,`1`2 [
¯`
1γ
µ`2 ] · [ q¯fγµγ5qi ] + CAAif,`1`2 [ ¯`1γµγ5 `2 ] · [ q¯fγµγ5qi ]
+ CTTif,`1`2 [
¯`
1σ
µν`2 ] · [ q¯fσµνqi ]
)
+ H.c. , (7)
where ` = µ, e and Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor. In (5) and (7),
we use I, J = S, P, V,A, T and ΓI,J = 1, γ5, γµ, γµγ5, σµν , so that the summation runs over (IJ) =
(SS), (PS), (SP ), (PP ), (AV ), (V V ), (V A), (AA), (TT ). In Eq. (7), we displayed the terms in the sum explicitly. Af-
ter specifying all possible Lorentz structures in Eqs. (5) and (7), we used the identity a¯σµνγ5b· c¯σµνγ5d = a¯σµνb· c¯σµνd.
Here, we denoted the LFV scale by Λ.
The operators (5) and (6) lead to tree-level contributions to τ → `ee, while the dipole-type operator (6) directly
contributes to τ → `γ. Limits on the scales of these operators are readily extracted from data [1] and can be found in
the literature (see, for instance, Ref. [15]). The quark-lepton LFV operators (7) have been studied by many authors,
which consider the two-body decays τ → `M , M → `1`2, deep inelastic conversion τ(µ)q → `q [21] as well as nuclear
µ − e- conversion (for a recent review see, for instance, Ref. [23]). The existing data on the rates of these processes
allowed extraction of rather stringent limits on the scale of the corresponding operators (7), which also contribute
3to leptonic LFV decays of mesons M → `1`2 at tree level. At one-loop level they contribute to purely leptonic LFV
processes τ− → µ−e+e− and µ− → e−e+e−. However, quark-hadron duality [2] relates these loop contributions,
taking into account nonperturbative QCD effects, with the sum over the tree-level contributions (Fig. 2) of all the
intermediate meson states with the allowed quantum numbers.
Therefore, effectively the operators in Eq. (7) trigger tree-level contributions to `1 → `2 e+e− via intermediate
meson states. The relevant meson-lepton vertices involving vector V , axial A, pseudoscalar P , and scalar S mesons
with quantum numbers JPC = 1−−, 1++ (1+−), 0−+, and 0++, respectively, are
L`M = Vµ
(
g
(V )
V `1`2
[¯`1γ
µ`2] + g
(A)
V `1`2
[¯`1γ
µγ5`2]
)
+Aµ
(
g
(V )
A`1`2
[¯`1γ
µ`2] + g
(A)
A`1`2
[¯`1γ
µγ5`2]
)
+
g
(T )
V `1`2
MV
FVµν
[
¯`
1σ
µν`2
]
+
g
(T )
A`1`2
MA
FAµν
[
¯`
1σ
µνγ5`2
]
+ S
(
g
(S)
S`1`2
[¯`1`2] + g
(P )
S`1`2
[¯`1γ5`2]
)
+ P
(
ig
(S)
P`1`2
[¯`1`2] + ig
(P )
P`1`2
[¯`1γ5`2]
)
+
∂µP
MP
(
g
(V )
P`1`2
[¯`1γ
µ`2] + g
(A)
P`1`2
[¯`1γ
µγ5`2]
)
+ H.c. (8)
FIG. 2: Quark-lepton contact interaction contribution to l1 → l2l3l4 via meson exchange according to quark-hadron duality.
Here we introduced the notation FMµν = ∂µMν − ∂νMµ (with M = V,A) for the field tensors of the vector and axial
mesons, respectively. Obviously, the lightest mesons dominate in the diagram in Figs. 1(a) and 1(b), because the
contributions of meson resonances to the three-body LFV decays scale as 1/M4, where M is the mass of intermediate
meson.
In the next sections, we shall use the effective hadronic-level Lagrangian of Eq. (8) in order to constrain the quark-
lepton operators of Eq. (7), using the bounds given in Eqs. (1)-(3). This is done by applying an appropriate matching
condition at the hadronization scale. In this way, we shall constrain the vector and tensor operators related to the
corresponding vector boson contribution (V = ρ0, ω, φ, J/ψ,Υ, Z0) to the processes τ(µ)→ 3`, and also constrain the
pseudoscalar and scalar operators from the contribution of the pseudoscalar (P = pi0, η, η′, ηc(1S)) and scalar meson
states (S = f0(500), f0(980), a0(980), χc0(1P )) to the processes τ(µ)→ `γγ. Expressions for the LFV two-body decay
widths of different meson states are shown in Appendix B.
Let us recall a key point of the present study: non-perturbative QCD effects leading to the formation of the M
meson bound states in the intermediate state of `1 → `2 e+e− are taken into account according to the quark-hadron
duality, via two parameters: the meson masses MM and their leptonic decay constants fM . Numerical values of
these parameters are known either from direct experimental measurements, from lattice simulations or some reliable
models. The list of these parameters are given in Appendix A. We shall study these meson exchange mechanisms in
the next sections.
III. RELATIONS BETWEEN THREE- AND TWO-BODY LFV DECAYS
Here we derive unitarity-inspired relations between the three-body lepton decays and the two-body vector, scalar,
and pseudoscalar meson decays. Unitarity implies the contribution of all intermediate meson states to τ, µ→ `ee, ` γγ.
Following Ref. [2], we retain as a good approximation only the lightest mesons, so that their contributions are described
by the meson exchange diagrams in Figs. 1, with the LFV vertices given by the Lagrangian (8). We shall not consider
flavored mesons, because their decay rates M → e+e−, γγ, which enter in the above-mentioned relations, are GIM-
suppressed, and this does not allow us to derive significant limits for their LFV decays.
4A. Vector mesons
Let us consider the vector mesons V = ρ0, ω, φ, J/ψ,Υ, Z0. Our goal is to analyze their contribution to µ, τ → 3`
decays. For the case of µ− → e−e+e− and vector mesons, this was done in Ref. [2].
Neglecting the final lepton masses, for the muon decay rates we have
Γ(µ− → e−e+e−) = κg˜
2
V µeg˜
2
V ee
M4V
(9)
Γ(µ− → e−ν¯eνµ) = Γ(µ→ All) = κ g
4
W
M4W
, (10)
where MV is the vector meson/boson mass, κ = M
5
µ/(384pi
3) is a kinematic-spin factor common to all decay modes
involving vector mesons in the intermediate state, while gW and MW are the electroweak coupling and the W boson
mass, respectively (here gW is normalized so that the Fermi coupling is GF /
√
2 = g2W /(2M
2
W )). By definition
g˜2V µe = |g(V )V µe|2 + |g(A)V µe|2. Then one finds for the LFV branching ratio
Br(µ− → e−e+e−) = g˜
2
V µeg˜
2
V ee
M4V
M4W
g4W
. (11)
Formulae for the meson two-body decay rates are given in Appendix B. Neglecting the final lepton masses they can
be written as
Γ(V → e+e−) = a g˜2V eeMV , (12)
Γ(V → µ±e∓) = a g˜2V µeMV , (13)
Γ(W → eν¯e) = a g2W MW , (14)
where a = 1/(12pi) is a kinematic factor common to all these processes.
The branching ratio of Eq. (11) can then be written in terms of the two-body decay rates as:
Br(µ→ 3e) = Γ(V → µe) Γ(V → e
+e−)
Γ(W → eν¯e)2
(
MW
MV
)6
. (15)
For the case of τ− → e−(µ−)e+e− there are two main differences with respect to the muon decays: (i) due to
the large mass of the τ lepton, there are some on-mass-shell meson contributions to this process; (ii) the τ decay
width is not purely an electroweak quantity, i.e. Γ(τ → All) 6= Γ(τ → `ν¯ν), since it contains hadronic channels. The
latter suffer from considerable theoretical uncertainties. However, the tau decay width is an experimentally well
measured observable [1]. Combining the above formulae (9), (10) and (12)-(14) with the corresponding replacements,
for MV > Mτ we find:
Br(τ− → `−e+e−) = Γ(V → τ`) Γ(V → e
+e−)
Γ(W → eν¯e)2
Γ(µ− → e−ν¯eνµ)
Γ(τ → All)
(
MW
MV
)6(
Mτ
Mµ
)5
, (16)
and for MV < Mτ
Br(τ− → `−e+e−) = Br(τ → V `) Br(V → e+e−) (17)
where ` = µ, e. The latter case is not interesting for our analysis, which is related to constraints on τ → V `.
B. Unflavored pseudoscalar and scalar mesons.
The unflavored pseudoscalar and scalar mesons contribute to µ− → e−γγ and τ− → `−γγ, according to the diagram
in Fig. 1(b), with the LFV vertex P (S)¯`1`2 given in Eq. (8), and
LPγγ = e
2
4
gPγγ P Fµν ε
µναβ Fαβ , (18)
LSγγ = e
2
4
gSγγ S Fµν F
µν , (19)
5where Fµν = ∂µAν − ∂νAµ is the electromagnetic stress tensor, εµναβ is the Levi-Cevita tensor, and gIγγ (I = P, S)
are the effective couplings of the I → γγ decay widths:
Γ(I → γγ) = piα
2
4
g2IγγM
3
I , (20)
where α ' 1/137.036 is the fine structure constant. In the case of pi0, the coupling gpiγγ is related to the pion decay
constant Fpi ' 92.4 MeV as
gpiγγ =
1
4pi2Fpi
. (21)
The pion contribution to the decay µ→ eγγ was discussed in Ref. [2]. Extending this analysis to include other scalar
and pseudoscalar mesons we can write
Br(µ− → e−γγ) ≈ Γ(I → µe) Γ(I → γγ)
Γ2(W → eν¯e)
(
MW
MI
)6(
Mµ
2MI
)4
. (22)
For the τ lepton decay we find, in analogy to Eq. (16), and for MI > Mτ :
Br(τ− → `−γγ) ≈ Γ(I → τ`) Γ(I → γγ)
Γ2(W → eν¯e)
Γ(µ− → e−ν¯eνµ)
Γ(τ → All)
(
MW
MI
)6(
Mτ
Mµ
)5(
Mτ
2MI
)4
. (23)
The case MI < Mτ with on-mass-shell mesons is not interesting for our analysis.
In our numerical analysis, we use the central values of the decay widths of pseudoscalar and scalar mesons quoted
from the Particle Data Group [1]:
Γ(pi0 → γγ) = 7.64 eV , Γ(η → γγ) = 0.52 keV ,
Γ(η′ → γγ) = 4.35 keV , Γ(ηc → γγ) = 5.02 keV ,
Γ(f0(500)→ γγ) = 2.05 keV , Γ(f0(980)→ γγ) = 0.31 keV ,
Γ(a0(980)→ γγ) = 0.30 keV , Γ(χc0(1P )→ γγ) = 2.20 keV . (24)
Note that up to now there are no experimental constraints on τ → `γγ decay rates. Therefore, in the present paper
we present only theoretical formula (23) relating three-body LFV decay of τ with two-body LFV decays P (S)→ τ`,
which could be useful in future searches of these processes.
C. Limits on two-body LFV meson decays
From Eqs. (15), (16), (22) and (23), we deduce upper limits for the branching ratios of the two-body LFV decays
M(Z)→ `1`2 of neutral vector and pseudoscalar mesons and Z-boson, using the existing data (1)-(3) for three-body
LFV decays τ(µ) → 3`. We present our results in the second column of Table I and compare them with the limits
derived from the study of lepton conversion [2] and available experimental data [1].
In the case of the pi0 and J/ψ contributions, we also show in parenthesis our results for the constraints which take
into account the Q2-dependence of the meson propagator and the form factor g˜M`1`2(Q
2), when this last effect is
significant. For other meson contributions the effect of the Q2-dependence is negligible. A detailed discussion and
estimation of this effect is presented in Appendix C.
One can see from Table I that in most cases we get more stringent constraints on the branching ratios of the two-body
LFV decays. In particular, our limits are 3 − 4 orders of magnitude better than the existing ones for J/Ψ,Υ → µe,
while for J/Ψ,Υ → τe the improvement is 5 orders of magnitude. To the best of our knowledge, in the literature
there are no phenomenological limits for J/Ψ,Υ, Z → τµ, and our limits are significantly more stringent than the
existing experimental bounds [1]. In Table I, we also displayed for completeness the LFV decays of f0, a0, χc0 → µe,
which are unrealistic for experimental observations. We recall that these mesonic states, together with other mesons,
are needed for the implementation of the quark-hadron duality and the derivation of the limits on the quark-lepton
operators (7).
6TABLE I: Upper limits for the branching ratios of two-body LFV decays of neutral vector, pseudoscalar, and scalar mesons,
and Z-boson, extracted from the bound on the indicated three-body µ and τ decays. “EO-improved” are limits obtained from
Eq. (27) relating different LFV processes with the same underlying effective operators (EO).
Mode Our results Existing Limits Data
from µ− → e−γγ process
pi0 → µ±e∓ 5.8× 10−11 (3.2× 10−11) 10−10 [2] 3.8× 10−10 [1]
η → µ±e∓ 6.2× 10−9 10−8 [2] 3.0× 10−6 [1]
η′ → µ±e∓ 1.3× 10−9 4.7× 10−4 [1]
ηc → µ±e∓ 5.9× 10−7 1.57× 10−4 [1]
f0(500)→ µ±e∓ 1.6× 10−15
f0(980)→ µ±e∓ 1.0× 10−10
a0(980)→ µ±e∓ 6.2× 10−11
χc0(1P )→ µ±e∓ 1.5× 10−5
Mode Our results EO-improved Existing Limits Data
from µ− → e−e+e− process
ρ0 → µ±e∓ 5.8× 10−21 3.5× 10−24 [13]
ω → µ±e∓ 6.8× 10−20 9.1× 10−21 6.2× 10−27 [13]
φ→ µ±e∓ 1.6× 10−19 1.1× 10−19 4× 10−17 [2]; (1.1× 10−25 − 5.6× 10−22) [13] 2.0× 10−6 [1]
J/ψ → µ±e∓ 2.9× 10−17 2.6× 10−18 4× 10−13 [2]; 5.4× 10−14 [13] 1.6× 10−7 [1]
Υ→ µ±e∓ 1.0× 10−13 2.5× 10−16 2× 10−9 [2]; 1.1× 10−6 [13]
Z0 → µ±e∓ 1.3× 10−12 5× 10−13 [2]; 4.2× 10−6 [13] 7.5× 10−7 [1]
from τ− → e−e+e− process
J/ψ → τ±e∓ 4.5× 10−12 (2.8× 10−12) 6× 10−7 [2] 8.3× 10−6 [1]
Υ→ τ±e∓ 1.6× 10−8 7.3× 10−10 1× 10−2 [2]
Z0 → τ±e∓ 1.9× 10−7 3× 10−6 [2] 9.8× 10−6 [1]
from τ− → µ−e+e− process
J/ψ → τ±µ∓ 3.0× 10−12 (1.9× 10−12) 2.0× 10−6 [1]
Υ→ τ±µ∓ 1.0× 10−8 4.9× 10−10 No limits 6.0× 10−6 [1]
Z0 → τ±µ∓ 1.3× 10−7 1.2× 10−5 [1]
IV. QUARK-LEPTON EFFECTIVE OPERATORS IN LFV DECAYS OF µ, τ
A. Indirect contribution to `1 → `2ee
Here we examine the limits on the effective quark-lepton operators (7) from the purely leptonic processes
τ− → µ−(e−)e+e−, µ− → e−e+e− or τ− → µ−(e−)γγ, µ− → e−γγ. The operators (7) contribute to τ → `ee
at one-loop level. However, as we discussed in Sec. II, quark-hadron duality identifies these loop contributions with
the tree-level contribution of the mesons states with the corresponding quantum numbers, as shown in Fig. 1. In
order to constrain the quark-lepton operators (7), we match them to the corresponding meson-lepton operators in
Eq. (8), using the on-mass-shell matching condition [10, 11]:
〈`+1 `−2 |Llqeff |M〉 ≈ 〈`+1 `−2 |LlMeff |M〉, (25)
where M are the corresponding mass-shell meson states. This equation can be solved using the well-known quark
current meson matrix elements shown in Appendix A, and we find relations between the quark-lepton scaled Wilson
coefficients, C/Λ2 in Eq. (7), and the meson-lepton couplings, gM , from (8), which are shown in Appendix D. Using
these relations in the decay rate formulas for Γ(M → l1l2) from Appendix A and substituting them into Eqs. (15),
(16), (22) and (23), we set upper limits on the coefficients C/Λ2 of the effective operators (7) from the experimental
data on τ(µ)→ 3`. There are several operators contributing simultaneously to each of these processes, and therefore
the data impose upper limits on linear combinations of the corresponding Wilson coefficients shown in Appendix E.
In practice, it is useful to have individual upper limits for these coefficients under certain reasonable assumptions. In
the literature, it is conventional to assume that there is no strong cancellation between terms of different origin in
the amplitudes and therefore extract limits on each term as if it was present alone. We apply this “one-at-a-time”
7Λ`1`2 Our Existing Λ`1`2 Our Existing Λ`1`2 Our Existing
limits limits limits limits limits limits
[TeV] [TeV] [TeV] [TeV] [TeV] [TeV]
Λ
(3)V V,AV
µe 86 10
3 Λ
(3)PP,SP
µe 8.0 none Λ
(c)V V,AV
τe 13 none
Λ
(3)AA,V A
µe 7.1 none Λ
(s)SS,PS
µe none 3× 103 Λ(b)V V,AVτe 7 none
Λ
(0)V V,AV
µe 89 4.7× 103 Λ(s)PP,SPµe 1.3 none Λ(c)TTµe 19 none
Λ
(0)AA,V A
µe 2.4 none Λ
(c)SS,PS
µe none 950 Λ
(b)TT
µe 8.4 none
Λ
(s)V V,AV
µe 134 770 Λ
(b)SS,PS
µe none 540 Λ
(c)V V,AV
τµ 14.5 none
Λ
(s)AA,V A
µe 0.6 none Λ
(t)SS,PS
µe none 90 Λ
(b)V V,AV
τµ 7.7 none
Λ
(c)V V,AV
µe 300 54 Λ
(3)TT
µe 103 none Λ
(c)TT
τµ 19 none
Λ
(b)V V,AV
µe 138 3 Λ
(0)TT
µe 107 none Λ
(b)TT
τµ 9.1 none
Λ
(3)SS,PS
µe 0.5 1.8× 103 Λ(s)TTµe 160 none
Λ
(0)SS,PS
µe 0.6 6.8× 103 Λ(c)TTµe 355 none
Λ
(0)PP,SP
µe 6.0 none Λ
(b)TT
µe 164 none
TABLE II: Lower limits on the individual mass scales, Λ`1`2 , of the effective operators (7). “Existing limits” are taken from
Ref. [10]. All the limits are derived assuming that only one operator contributes to τ → µ(e)ee, µ→ 3e at a time.
approach to Eqs. (E1-E11). The corresponding results are displayed in Table II in the form of lower limits on the
individual mass scales, Λijµe, of the operators in Eq. (7). In the conventional definition (see, for instance, Ref. [14]),
these scales are related to our notation as
|CXYa |
(
1GeV
Λ
)2
= 4pi
(
1GeV
ΛXYa
)2
(26)
with a = 0, 3, s, c, b, t and z = hV, rS, where h = A, V and r = P, S as defined before.
B. Relations between LFV decays of different mesons
Notice that the operators in Eq. (7), either individually or in certain linear combination of them, underly LFV
leptonic decay modes of all the mesons with the same quark content and JPC .
Using the decay rate formulae, the meson matrix elements and the expressions for the LFV meson couplings from
Appendices A, B and D, we find, in the limit of massless final leptons, the following approximate relation between
the branching ratios of different mesons M = V, P :
Br(Ma → `1`2) ≈
(
fa
fb
)2(
Ma
Mb
)5
Γ(Mb → All)
Γ(Ma → All) · Br(Mb → `1`2). (27)
Using this relation and the upper limits in Table I on the branching ratios for one particular meson, we can set limits
for the other ones. These “cross-limits”, shown in the column “EO improved” of Table I, are in some cases significantly
more stringent than the limits derived directly from the contribution of the corresponding meson to τ → `ee.
V. SUMMARY
We derived unitarity-inspired bounds on the two-body LFV decays of unflavored neutral vector and pseudoscalar
mesons as well as of the Z-boson, from the experimental bounds on the leptonic LFV decays τ(µ) → `e+e−, `γγ.
8Many of our limits are better than those existing to date in the literature. We also derived still nonexistent in the
literature theoretical limits for J/Ψ,Υ, Z → τµ, which are significantly more stringent that the experimental bounds.
Using the fact that the LFV decays of the mesons with the same quark content and JPC originate from the same
linear combination of quark-lepton operators, Eqs. (7), we derived improved limits on the decay rate of one meson
from the more stringent limit of the decay rate of another meson. In some cases, this improvement approaches 3
orders of magnitude.
We analyzed the contribution of quark-lepton operators (7) to purely leptonic processes τ(µ) → `e+e−, `γγ, on
the basis of the quark-hadron duality, which takes into account these contributions as coming from intermediate
meson states. In this approach, the nonperturbative QCD effects in the quark loops are effectively considered by the
meson masses and their leptonic decay constants In order to realize this approach, we matched at the hadronization
scale the quark-lepton and meson-lepton effective Lagrangians and derived relations between the quark- and meson-
level effective LFV couplings. With this at hand, we extracted lower limits on the individual scales of many LFV
operators from (7), which are shown in Table II. The limits for the scales of the tensor, axial-vector, pseudoscalar
operators, as well as for (q¯Γq)(e¯Γτ), (q¯Γq)(µ¯Γτ) are new, nonexisting in the literature. These limits can be useful
for LFV phenomenology, allowing model independent predictions for the LFV processes induced by the generic set of
quark-lepton operators (7).
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Appendix A: Meson matrix elements
Here we show the meson matrix elements needed for the matching between the quark and hadron levels of the
effective theory used in our analysis. In the case of vector and scalar operators, these are
〈0|u¯ γµ u|ρ0(p, )〉 = −〈0|d¯ γµ d|ρ0(p, )〉 = M2ρ fρ µ(p) , (A1)
〈0|u¯ γµ u|ω(p, )〉 = 〈0|d¯ γµ d|ω(p, )〉 = 3M2ω fω µ(p) , (A2)
〈0|s¯ γµ s|φ(p, )〉 = − 3M2φ fφ µ(p) , (A3)
〈0|c¯ γµ c|J/ψ(p, )〉 = M2J/Ψ fJ/ψ µ(p) , (A4)
〈0|b¯ γµ b|Υ(p, )〉 = M2Υ fΥ µ(p) , (A5)
〈0|u¯ u|f0(p)〉 = 〈0|d¯ d|f0(p)〉 = M2f0 ff0 , (A6)
〈0|u¯ u|a0(p)〉 = −〈0|d¯ d|a0(p)〉 = M2a0 fa0 . (A7)
Here p, mM and fM are the 4-momentum, mass and dimensionless decay constant of the meson M , respectively, and
µ is the vector meson polarization state vector.
The current central values of the meson decay constants fV and masses mV are [1]:
fρ = 0.2, fω = 0.059, fφ = 0.074, fJ/ψ = 0.134, fΥ = 0.08, ff0 = 0.28 , fa0 = 0.19 , (A8)
Mρ = 771.1 MeV, Mω = 782.6 MeV, Mφ = 1019.5 MeV , (A9)
MJ/ψ = 3097 MeV, MΥ = 9460 MeV , Mf0 = 500 MeV, Ma0 = 980 MeV . (A10)
The decay constants ff0 and fa0 in Eqs. (A6) and (A7) are not yet known experimentally. The value ff0 was evaluated
in Ref. [11] in the linear σ-model,, using the approach of Refs. [24, 25] and the value af0 was estimated using QCD
sum rules [26].
In the evaluation of tensor operators, we use the identity
σµνγ5 =
i
2
εµναβσαβ , (A11)
9which simplifies/constrains the structure of effective Lagrangians with tensor spin structure as
¯`
1σ
µνPL/R`2 q¯fσµνPL/Rqi =
1
2
¯`
1σ
µν`2q¯fσµνqi , (A12)
¯`
1σ
µνPL/R`2 q¯fσµνPR/Lqi ≡ 0 . (A13)
The matrix element of the tensor quark operator is calculated according to
〈0|q¯f σµν qi|V (p, )〉 = i (mi +mf )
(
µ(p)pν − ν(p)pµ
)
fV . (A14)
In deriving effective Lagrangians with derivates acting on meson fields, we use the convention that the meson is
described by an incoming plane wave of the form e−ipx. Therefore, the correspondence between the Lorentz structure
µ(p)pν − ν(p)pµ and the field tensor of a vector meson in coordinate space is set as i(µ(p)pν − ν(p)pµ)→ Fµν(x).
In the calculation of matrix elements of pseudoscalar, axial, and pseudotensor quark operators, we use the well-
known relations [27–29]
〈0|q¯fγµγ5qi|P (p)〉 = ipµFP , (A15)
〈0|q¯f iγ5qi|P (p)〉 = M
2
P
mi +mf
FP , (A16)
where the P meson has flavor structure P = (qiq¯f ), fP is the pseudoscalar meson coupling constants. In the case of
pseudoscalar mesons, we introduce singlet-octet mixing, with a mixing angle of θP = −13.34◦ [30]
η −→ − 1√
2
sin δ (u¯u+ d¯d)− cos δ s¯s ,
η′ −→ + 1√
2
cos δ (u¯u+ d¯d)− sin δ s¯s ,
δ = θP − θI , θI = arctan 1√2 . (A17)
The masses of the pseudoscalar mesons used in our calculations are [1]
Mpi0 = 134.977± 0.0005 MeV , Mη = 547.862± 0.017 MeV , Mη′ = 957.78± 0.06 MeV ,
Mηc = 2983.9± 0.5 MeV . (A18)
For the pseudoscalar decay constants of pi0, η, and η′ mesons we use the universal value identified with the pion
coupling Fpi = 92.4 MeV. For the ηc coupling we take the averaged value of theoretical predictions Fηc = 285 MeV
from Ref. [31].
Therefore, the matrix elements of specific pseudoscalar and axial operators between vacuum and pseudoscalar states
are:
〈0|u¯γµγ5u|pi0(p)〉 = −〈0|d¯γµγ5d|pi0(p)〉 = ipµFpi , (A19)
〈0|u¯γµγ5u|η(p)〉 = 〈0|d¯γµγ5d|η(p)〉 = −ipµFpi sin δ , (A20)
〈0|u¯γµγ5u|η′(p)〉 = 〈0|d¯γµγ5d|η′(p)〉 = ipµFpi cos δ , (A21)
〈0|s¯γµγ5s|η(p)〉 = −ipµFpi cos δ
√
2 , (A22)
〈0|s¯γµγ5s|η′(p)〉 = −ipµFpi sin δ
√
2 , (A23)
〈0|c¯γµγ5c|ηc(p)〉 = ipµFηc , (A24)
〈0|u¯iγ5u|pi0(p)〉 = −〈0|d¯iγ5d|pi0(p)〉 = M
2
pi
2mˆ
Fpi , (A25)
〈0|u¯iγ5u|η(p)〉 = 〈0|d¯iγ5d|η(p)〉 = −M
2
η
2mˆ
Fpi sin δ , (A26)
〈0|u¯iγ5u|η′(p)〉 = 〈0|d¯iγ5d|η′(p)〉 = M
2
η′
2mˆ
Fpi cos δ , (A27)
〈0|s¯iγ5s|η(p)〉 = −M
2
η
2mˆ
Fpi cos δ
√
2 , (A28)
〈0|s¯iγ5s|η′(p)〉 = −M
2
η′
2mˆ
Fpi sin δ
√
2 , (A29)
〈0|c¯iγ5c|ηc(p)〉 =
M2ηc
2mc
Fηc , (A30)
where mˆ = mu = md = 7 MeV is the mass of u and d quarks in the isospin limit, ms = 25mˆ is the strange quark
mass [29], mc = 1.275 GeV and mb = 4.18 GeV are the masses of charm and bottom quarks [1].
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Appendix B: LFV rates of mesons decaying into leptonic pair.
Here, we present analytical results for the LFV rates of mesons decaying into a leptonic pair governed by the
effective Lagrangian (8) and including effects of finite lepton masses,
V → `+1 `−2 decays
Γ(V → `+1 `−2 ) =
P ∗
6pi
[(
g
(V )
V `1`2
)2 (
1− M
2
−
M2V
)(
1 +
M2+
2M2V
)
+
(
g
(A)
V `1`2
)2 (
1− M
2
+
M2V
)(
1 +
M2−
2M2V
)
+ 2
(
g
(T )
V `1`2
)2 (
1− M
2
−
M2V
)(
1 +
2M2+
M2V
)
− 6g(V )V `1`2 g
(A)
V `1`2
M+
MV
(
1− M
2
−
M2V
)]
(B1)
S → `+1 `−2 decays
Γ(S → `+1 `−2 ) =
P ∗
4pi
[(
g
(S)
S`1`2
)2(
1− M
2
−
M2P
)
+
(
g
(P )
S`1`2
)2(
1− M
2
+
M2P
)]
(B2)
P → `+1 `−2 decays
Γ(P → `+1 `−2 ) =
P ∗
4pi
[(
g
(P )
P`1`2
+ g
(A)
P`1`2
M+
MP
)2(
1− M
2
−
M2P
)
+
(
g
(S)
P`1`2
+ g
(V )
P`1`2
M−
MP
)2(
1− M
2
+
M2P
)]
(B3)
where M± = M`1 ±M`2 , P ∗ = λ1/2(M2H ,M2`1 ,M2`2)/(2MH) is the magnitude of the three momentum of leptons in
the rest frame of decaying hadron H and λ(x, y, z) = x2 + y2 + z2−2xy−2yz−2xz is the kinematical triangle Ka¨llen
function.
Appendix C: Q2 dependence of meson propagators and form factors
Let us note that in Eqs. (9), (10), (16), (22), and (23), we neglected the squared momentum transfer Q2-dependence
of the meson propagator and the form factors g˜M`1`2(Q
2). For most of the processes of our current interest, this Q2-
dependence results in a less than 5% deviation from the approximate formulae that we use, which for our purposes
is more than sufficient. Nevertheless, for two specific states (the intermediate pion in the process µ → eγγ and the
intermediate J/ψ in the processes τ → e(µ)ee) the Q2 dependence of the meson propagator and of the form factors
give contributions up to 80%.
Here, we present details of the Q2 dependent contribution calculation of the meson form factors g˜M`1`2(Q
2) and
propagators DM (Q
2) to the branchings of the three-body LFV decays of leptons. The meson form factors g˜M`1`2(Q
2)
can be found using a covariant confined quark model [32]. Their Q2 dependence can be parametrized as
g˜M`1`2(Q
2) = 1/(1−Q2/Λ2M ) , (C1)
where ΛM is the set of cutoff parameters given by
Λpi = 0.90 GeV , Λη = 0.94 GeV , Λη′ = 1.02 GeV , Ληc = 4.16 GeV ,
Λf0(500) = 1.02 GeV , Λf0(980) = 1.04 GeV , Λa0(980) = 1.06 GeV , Λχc0 = 5.95 GeV , (C2)
Λρ = 0.84 GeV , Λω = 0.83 GeV , Λφ = 1.13 GeV , ΛJ/ψ = 3.54 GeV , ΛΥ = 10.07 GeV .
In particular, we parametrize this effect by a factor R, which is defined as the ratio of the three LFV decay branching
with the complete Q2 dependence (full result) and the branching without that dependence:
R =
Brfull(`1 → `2 +X)
Br(`1 → `2 +X) . (C3)
The coefficient R is simply the ratio of the phase space integrals for three-body LFV decays of leptons including the
form factors Ifull and without such effects I
R =
Iphasefull
Iphase
, (C4)
11
where
Iphasefull =
pi2
4M21
s+2∫
s−2
ds2 λ
1/2(M21 , s2,M
2
2 ) g˜
2
M`1`2(s2)D
2
M (s2) , (C5)
Iphase =
pi2
4M21
1
M4
s+2∫
s−2
ds2 λ
1/2(M21 , s2,M
2
2 ) . (C6)
Here DM (s2) = 1/(M
2 − s2) is the scalar part of meson propagator, s2 is the Mandelstam variable (invariant mass
of two-lepton or two-photon pair in the final state). The upper (s+2 ) and lower (s
−
2 ) limits of the s2 variation are
defined in terms of the initial lepton masses (M1), final lepton masses (M2) and masses of the leptonic pair (M3,M4)
produced by the intermediate meson, as s+2 = (M1−M2)2 and s−2 = (M3 +M4)2. In the case of two-photon processes
s−2 = 0. In the evaluation of Rpr and Rff , we drop the Q
2 dependence of the meson propagator DM (s2) → 1/M2 or
the meson form factor g˜2M`1`2(s2)→ 1, respectively.
In Table III, we explicitly demonstrate the effect on the three-body LFV decay rates of the Q2-dependence of the
meson propagator and form factors. In particular, we parametrize this effect by the factor R, which is defined as the
ratio of the three-body LFV decay taking into account the Q2 dependences (full result) and the decay without that
dependence. We present separate results coming from the Q2 dependence in the meson propagators (factor Rpr) and
in the form factors (factor Rff) and also the total results (factor R) combining these two contributions. From Table III
one can see that effects of form factors are suppressed for all processes and mesons and less 2% except τ decays with
J/ψ meson in the intermediate state giving about 20% contribution. Q2 dependence of meson propagators is less
than 3% for most cases except ∼ 80% contribution of pi0 to the Br(µ− → e−γγ) and ∼ 30% contribution of J/ψ to
the Br(τ− → `−e+e−). It is clear that the sizeable factors R due to the Q2 dependence in case of mentioned mesons
and modes give more stringent constraints on two-body LFV meson decays.
TABLE III: Factors R, Rpr, and Rff representing Q
2 dependence.
Meson µ− → e−γγ process
Rpr Rff R
pi0 1.788 1.009 1.808
η 1.025 1.008 1.034
η′ 1.008 1.007 1.015
ηc 1.0008 1.0004 1.0013
f0(500) 1.031 1.007 1.038
f0(980) 1.008 1.007 1.015
a0(980) 1.008 1.007 1.015
χc0(1P ) 1.0006 1.0002 1.0013
Meson µ− → e−e+e− process
Rpr Rff R
ρ0 1.013 1.011 1.023
ω 1.012 1.011 1.023
φ 1.007 1.006 1.013
J/ψ 1.0008 1.0006 1.001
Υ 1.0001 1.0001 1.0002
Meson τ− → e−e+e− process
Rpr Rff R
J/ψ 1.293 1.208 1.605
Υ 1.024 1.021 1.045
Meson τ− → µ−e+e− process
Rpr Rff R
J/ψ 1.273 1.195 1.555
Υ 1.023 1.020 1.044
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Appendix D: Relations of meson-lepton to quark-lepton couplings
Here we show the relation between quark-lepton, Cqq, and meson-lepton, gM , couplings from Eqs. (7) and (8) derived
as solutions of the matching conditions (25). They are as follows
g
(V/A)
ρ0`1`2
=
M2ρ
Λ2
fρ C(3)V V/AV`1`2 , g
(V/A)
ω`1`2
=
3M2ω
Λ2
fω C(0)V V/AV`1`2 , g
(V/A)
φ`1`2
= −3M
2
φ
Λ2
fφ C(s)V V/AV`1`2 ,
g
(V/A)
J/ψ`1`2
=
M2J/ψ
Λ2
fJ/ψ C(c)V V/AV`1`2 , g
(V/A)
Υ`1`2
=
M2Υ
Λ2
fΥ C(b)V V/AV`1`2 ,
g
(T )
ρ`1`2
=
mˆMρ
Λ2
fρ C(3)TT`1`2 , g
(T )
ω`1`2
=
3mˆMω
Λ2
fω C(0)TT`1`2 , g
(T )
φ`1`2
= −3msMφ
Λ2
fφC(s)TT`1`2 ,
g
(T )
J/ψ`1`2
=
mcMJ/ψ
Λ2
fJ/ψC(c)TT`1`2 , g
(T )
Υ`1`2
=
mbMΥ
Λ2
fΥC(b)TT`1`2 , (D1)
g
(S/P )
a0`1`2
=
M2a0
Λ2
fa0 C(3)SS/PS`1`2 , g
(S/P )
f0`1`2
=
M2f0
Λ2
ff0 C(0)SS/PS`1`2 , g
(S/P )
χc0`1`2
=
M2χc0
Λ2
ff0 C(c)SS/PS`1`2 ,
g
(P/S)
pi`1`2
=
M2pi
2mˆΛ2
Fpi C(3)PP/SP`1`2 , g
(P/S)
ηc`1`2
=
M2ηc
2mcΛ2
Fηc C(c)PP/SP`1`2 ,
g
(P/S)
η`1`2
= − M
2
η
2mˆΛ2
Fpi
(
sin δ C(0)PP/SP`1`2 +
mˆ
ms
cos δ
√
2 C(s)PP/SP`1`2
)
,
g
(P/S)
η′`1`2
M2η′
2mˆΛ2
Fpi
(
cos δ C(0)PP/SPqq+,`1`2 −
mˆ
ms
sin δ
√
2 C(s)PP/SP`1`2
)
,
g
(A/V )
pi`1`2
= −Mpi
Λ2
Fpi C(3)AA/V A`1`2 , g
(A/V )
ηc`1`2
= −Mηc
Λ2
Fηc C(c)AA/V A`1`2 ,
g
(A/V )
η`1`2
=
Mη
Λ2
Fpi
(
sin δ C(0)AA/V A`1`2 + cos δ
√
2 C(s)AA/V A`1`2
)
,
g
(A/V )
η′`1`2 = −
Mη′
Λ2
Fpi
(
cos δ C(0)AA/V A`1`2 − sin δ
√
2 C(0)AA/V A`1`2
)
,
where
C(0/3)ΓiΓJ`1`2 = C
(u)ΓiΓJ
`1`2
± C(d)ΓiΓJ`1`2 (D2)
is the strong isospin singlet C(0) and C(3) triplet combinations.
Appendix E: Limits on linear combinations of the Wilson coefficients
Here, we show the limits on the combinations of the quark-lepton couplings C¯ = C · (1 TeV/Λ)2 are∣∣∣C(3)V V/AVµe ∣∣∣ < 1.7× 10−3 , ∣∣∣C(0)V V/AVµe ∣∣∣ < 1.6× 10−3 , ∣∣∣C(s)V V/AVµe ∣∣∣ < 0.7× 10−3 , (E1)∣∣∣C(c)V V/AVµe ∣∣∣ < 1.4× 10−4 , ∣∣∣C(c)V V/AVτe ∣∣∣ < 7.6× 10−2 , ∣∣∣C(c)V V/AVτµ ∣∣∣ < 6.0× 10−2 , (E2)∣∣∣C(b)V V/AVµe ∣∣∣ < 6.6× 10−4 , ∣∣∣C(b)V V/AVτe ∣∣∣ < 2.6× 10−1 , ∣∣∣C(b)V V/AVτµ ∣∣∣ < 2.1× 10−1 , (E3)
∣∣∣C(3)TTµe ∣∣∣ < 1.2× 10−3 , ∣∣∣C(0)TTµe ∣∣∣ < 1.1× 10−3 , ∣∣∣C(s)TTµe ∣∣∣ < 0.5× 10−3 , (E4)∣∣∣C(c)TTµe ∣∣∣ < 1.0× 10−4 , ∣∣∣C(c)TTτe ∣∣∣ < 4.5× 10−2 , ∣∣∣C(c)TTτµ ∣∣∣ < 3.5× 10−2 , (E5)∣∣∣C(b)TTµe ∣∣∣ < 4.7× 10−4 , ∣∣∣C(b)TTτe ∣∣∣ < 1.8× 10−2 , ∣∣∣C(b)TTτµ ∣∣∣ < 1.5× 10−2 , (E6)
∣∣∣C(3)PP/SPµe ∣∣∣ < 0.2 , ∣∣∣C(c)PP/SPµe ∣∣∣ < 4.0× 102 , (E7)∣∣∣C(0)PP/SPµe − 0.05 C(s)PP/SPµe ∣∣∣ < 0.4 , ∣∣∣C(0)PP/SPµe + 0.06 C(s)PP/SPµe ∣∣∣ < 0.7 , (E8)
13∣∣∣C(3)AA/AVµe ∣∣∣ < 0.2 , ∣∣∣C(c)AA/AVµe ∣∣∣ < 1.1× 105 , (E9)∣∣∣C(0)AA/AVµe − 0.05 C(s)AA/AVµe ∣∣∣ < 2.2 , ∣∣∣C(0)AA/AVµe + 0.06 C(s)AA/AVµe ∣∣∣ < 5.9 , (E10)
∣∣∣C(3)SS/PSµe ∣∣∣ < 60.6 , ∣∣∣C(0)AA/AVµe ∣∣∣ < 41.5 . (E11)
[1] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018).
[2] S. Nussinov, R. D. Peccei, and X. M. Zhang, Phys. Rev. D 63, 016003 (2000) [hep-ph/0004153].
[3] J. D. Vergados, Phys. Rep. 133, 1 (1986).
[4] J. Bernabeu, E. Nardi, and D. Tommasini, Nucl. Phys. B409, 69 (1993) [hep-ph/9306251].
[5] M. Hirsch, H. V. Klapdor-Kleingrothaus, and S. G. Kovalenko, Phys. Rev. Lett. 75, 17 (1995); A. Faessler, S. Kovalenko,
and F. Simkovic, Phys. Rev. D 58, 055004 (1998) [hep-ph/9712535].
[6] J. Hisano, T. Moroi, K. Tobe, and M. Yamaguchi, Phys. Rev. D 53, 2442 (1996) [hep-ph/9510309].
[7] A. Faessler, S. Kovalenko, F. Simkovic, and J. Schwieger, Phys. Rev. Lett. 78, 183 (1997) [hep-ph/9612357]; A. Faessler,
S. Kovalenko, and F. Simkovic, Phys. Rev. D 58, 115004 (1998) [hep-ph/9803253].
[8] A. Faessler, T. S. Kosmas, S. Kovalenko, and J. D. Vergados, Nucl. Phys. B587, 25 (2000) [hep-ph/9904335]; T. S. Kosmas,
S. Kovalenko, and I. Schmidt, Phys. Lett. B 511, 203 (2001) [hep-ph/0102101]; T. S. Kosmas, S. Kovalenko, and I. Schmidt,
Phys. Lett. B 519, 78 (2001) [hep-ph/0107292].
[9] Y. Kuno and Y. Okada, Rev. Mod. Phys. 73, 151 (2001) [hep-ph/9909265].
[10] A. Faessler, T. Gutsche, S. Kovalenko, V. E. Lyubovitskij, I. Schmidt, and F. Simkovic, Phys. Lett. B 590, 57 (2004)
[hep-ph/0403033]; Phys. Rev. D 70, 055008 (2004) [hep-ph/0405164].
[11] A. Faessler, T. Gutsche, S. Kovalenko, V. E. Lyubovitskij, and I. Schmidt, Phys. Rev. D 72, 075006 (2005) [hep-
ph/0507033].
[12] T. Gutsche, J. C. Helo, S. Kovalenko, and V. E. Lyubovitskij, Phys. Rev. D 81, 037702 (2010) [arXiv:0912.4562 [hep-ph]].
[13] T. Gutsche, J. C. Helo, S. Kovalenko, and V. E. Lyubovitskij, Phys. Rev. D 83, 115015 (2011) [arXiv:1103.1317 [hep-ph]].
[14] M. Gonzalez, J. C. Helo, S. Kovalenko, I. Schmidt, T. Gutsche, and V. E. Lyubovitskij, Phys. Rev. D 87, 096020 (2013)
[arXiv:1303.0596 [hep-ph]].
[15] D. Black, T. Han, H. J. He, and M. Sher, Phys. Rev. D 66, 053002 (2002) [hep-ph/0206056].
[16] R. Kitano, M. Koike, and Y. Okada, Phys. Rev. D 66, 096002 (2002); D 76, 059902(E) (2007) [hep-ph/0203110].
[17] V. Cirigliano, R. Kitano, Y. Okada, and P. Tuzon, Phys. Rev. D 80, 013002 (2009) [arXiv:0904.0957 [hep-ph]].
[18] A. Abada, M. E. Krauss, W. Porod, F. Staub, A. Vicente, and C. Weiland, JHEP 1411, 048 (2014) [arXiv:1408.0138
[hep-ph]].
[19] A. Crivellin, S. Davidson, G. M. Pruna, and A. Signer, JHEP 1705, 117 (2017) [arXiv:1702.03020 [hep-ph]].
[20] S. Davidson, M. Gorbahn, and M. Leak, Phys. Rev. D 98, 095014 (2018) [arXiv:1807.04283 [hep-ph]].
[21] S. Gninenko, S. Kovalenko, S. Kuleshov, V. E. Lyubovitskij, and A. S. Zhevlakov, Phys. Rev. D 98, 015007 (2018)
[arXiv:1804.05550 [hep-ph]].
[22] S. Davidson, Y. Kuno, and M. Yamanaka, Phys. Lett. B 790, 380 (2019) [arXiv:1810.01884 [hep-ph]].
[23] Y. Kuno and Y. Okada, Rev. Mod. Phys. 73, 151 (2001) [hep-ph/9909265].
[24] R. Delbourgo and M. Scadron, Mod. Phys. Lett. A 10, 251 (1995) [hep-ph/9910242].
[25] R. Delbourgo, M. Scadron, and A. Rawlinson, Mod. Phys. Lett. A 13, 1893 (1998) [hep-ph/9807505].
[26] K. Maltman, Phys. Lett. B 462, 14 (1999) [hep-ph/9906267].
[27] J. Gasser and H. Leutwyler, Annals Phys. (N.Y.) 158, 142 (1984).
[28] J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985).
[29] J. Gasser and H. Leutwyler, Phys. Rep. 87, 77 (1982).
[30] F. Ambrosino et al. (KLOE Collaboration), Phys. Lett. B 648, 267 (2007) [hep-ex/0612029].
[31] T. Gutsche, M. A. Ivanov, J. G. Ko¨rner, and V. E. Lyubovitskij, Phys. Rev. D 98, 074011 (2018) [arXiv:1806.11549
[hep-ph]].
[32] T. Branz, A. Faessler, T. Gutsche, M. A. Ivanov, J. G. Korner, and V. E. Lyubovitskij, Phys. Rev. D 81, 034010 (2010)
[arXiv:0912.3710 [hep-ph]].
